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Abstract. In this paper, we show that, for any integer n > and any integer 
g > 1, there exist genus-g Heegaard splittings of compact 3-manifolds with 
distance exactly n. Moreover, we show that for each g(> 1), there exists 
a constant K g such that, for each n > K g , there exist genus-g Heegaard 
splittings of closed 3-manifolds with distance exactly n. 



1. Introduction 

For a closed orientable 3-manifold M, we say that V\ U5V2 is a Heegaard splitting 
of M if V X ,V 2 are handlebodies such that M = V x U V 2 and dV x = dV 2 = S. 
Heegaard splittings of compact orientable 3-manifolds with nonempty boundaries 
can be defined similarly (see Section [5]) . Hempel [5] introduced the concept of 
distance of a Heegaard splitting by using the curve complex C(S) of S 1 , and showed 
that there exist arbitrarily high distance Heegaard splittings for closed 3-manifolds 
by using a construction of Kobayashi [6 . The manifolds are obtained by gluing 
two copies of handlebodies along their boundaries by the nth power of a pseudo- 
Anosov map for each n. Abrams and Schlcimer [I] showed that the distance of the 
Heegaard splitting grows linearly with respect to n by using the result of Masur 
and Minsky [§]. Moreover, Evans [3] gave a combinatorial method to construct 
Heegaard splittings of high distance. The main purpose of this paper is to give an 
answer to the following question. 

Question Given g > 1 and n > 0, does there exist a genus-g Heegaard splitting 
with distance exactly n? 

For certain values, there are known examples that answer the above question 
affirmatively For example, Berge and Scharlemann [2] showed that there exist 3- 
manifolds each of which admits genus-2 Heegaard splittings with distance exactly 
3. 

In this paper, we first construct Heegaard splittings of compact orientable 3- 
manifolds with nonempty boundaries which have distance exactly n. 

Theorem 1.1. For any integer n > and any integer g > 1, there exists a genus-g 
Heegaard splitting C\ Up C 2 with distance exactly n, where C\ and C 2 are compres- 
sion bodies. 

To prove Theorem 11.11 we give a method of constructing a pair of curves with 
distance exactly n. In fact, Schleimer |12) gave a method of constructing a pair 
of curves with distance exactly four on the five-holed sphere by using subsurface 
projection maps defined by Masur and Minsky [9] (for the definition, see Section 
[2]) . In Section HI we mimic the idea of Schleimer to construct a pair of curves with 
distance exactly n for any positive integer n. By using the pair of curves and the 
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properties of a compression body obtained by adding a 1-handle to S X [0, 1] where 
S is a closed surface (for detail, see Section [3]), we give the proof of Theorem ll.il 

Moreover, once we have a Heegaard splitting of a compact orientable 3-manifold 
with distance exactly n, then we can construct from it a Heegaard splitting of a 
closed orientable 3-manifold with the same distance by using the result by Ma and 
Qiu [7, Theorems 1.3 and 5.3]. Hence, we obtain: 

Corollary 1.2. For each <?(> 1), there exists a constant K g such that, for each 
n > K g , there exist genus-g Heegaard splittings of closed 3-manifolds with distance 
exactly n. 

2. Preliminaries 

Let S be a compact orientable surface with genus g and p boundary components. 
A simple closed curve in S is essential if it does not bound a disk in S and is not 
parallel to OS. An arc properly embedded in S is essential if it does not co-bound 
a disk in S together with an arc on dS. We say that S is sporadic if g = 0,p < 4 
or g = l,p < 1. We say that S is simple, if S contains no essential simple closed 
curves. We note that S is simple if and only if S is a 2-sphere with at most three 
boundary components. A subsurface X in S is essential if each component of dX 
is contained in dS or is essential in S. 

Heegaard splittings 

A 3-manifold V is a compression body if there exists a closed (possibly empty) 
surface F and a 0-handle B such that V is obtained from F X [0, 1] UB by adding 1- 
handles to F x {1} UdB. The subsurface of dV corresponding to F x {0} is denoted 
by d-V. Then d + V denotes the subsurface dV \ d-V of dV. A compression body 
V is called a handlebody if d-V — 0. A disk D properly embedded in V is called 
an essential disk if dD is an essential simple closed curve in d+V . 

Let M be a compact orientable 3-manifold. We say that C\ Up C2 is a genus- 
g Heegaard splitting of M if C\ and C2 are compression bodies in M such that 
d U C* 2 = M and C x n C 2 = <9+C*i = <9+C* 2 = P. 

Curve complexes 

Except in sporadic cases, the curve complex C(S) is defined as follows: each 
vertex of C(S) is the isotopy class of an essential simple closed curve on S, and 
a collection of k + 1 vertices forms a fc-simplex of C(5) if they can be realized by 
disjoint curves in S. In sporadic cases, we need to modify the definition of the curve 
complex slightly, as follows. Note that the surface S is simple unless S is a torus, 
a torus with one boundary component, or a sphere with 4 boundary components. 
When S is a torus or a torus with one boundary component (resp. a sphere with 
4 boundary components), a collection of k + 1 vertices forms a fc-simplex of C(S') 
if they can be realized by curves in S which mutually intersect exactly once (resp. 
twice). The arc-and-curve complex AC(S) is defined similarly, as follows: each 
vertex of AC(S) is the isotopy class of an essential properly embedded arc or an 
essential simple closed curve on S, and a collection of k + 1 vertices forms a fc- 
simplex of AC(S) if they can be realized by disjoint arcs or simple closed curves in 
S. Throughout this paper, for a vertex x £ C(S) we often abuse notations and use 
x to represent (the isotopy class of) a geometric representative of x. 

For two vertices x, y of C(S), we define the distance dc(s)(x, y) between x and y, 
which will be denoted by ds(x,y) in brief, as the minimal number of 1-simplexes 
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of a simplicial path in C(S) joining x and y. Let X, Y be subsets of the vertices of 
C(S). Then we define diams(X, Y) = diams(X U Y). Similarly, wc can define the 
distance d AC{s) (x, y) and di&m AC{s) (X,Y). 

For a sequence do, a\, . . . , a n of vertices in C(S) with diPicii+i = (i = 0, 1, . . . , n— 
1), we denote by [ao, ai . . . , a n ] the path in C(5 I ) with vertices ao, ai . . . , a n in this 
order. We say that a path [ao, a\ . . . , a„] is a geodesic if n = d s (ao, a n ). 

Let V be a compression body. Then the disk complex T>(V) is the subcomplex 
of C(d+V) consisting of the vertices with representatives bounding disks of V . For 
a genus-g(> 2) Heegaard splitting C\ Up C2, the (Hempel) distance of Ci Up C2 is 
defined by d P (Z>(Ci), X>(C 2 )) = min{dp(ar,y) | z 6 V(Ci),y G P(C 2 )}. 

Subsurface projection maps 

Let - P(l r ) denote the power set of a set Y. Suppose that X is an essential non- 
simple subsurface of S. We call the composition tto o it a of maps tta ■ C°(S) — > 
V{AC°{X j) and 7T : V(AC°(X)) -> V{C°(X)) a subsurface projection if they satisfy 
the following: for a vertex a, take a representative a so that \a PI -X"| is minimal, 
where | ■ | is the number of connected components. Then 

• tta(c() is the set of all isotopy classes of the components of a n X, 

• 7To({ai, . . . , a n }) is the union for all i = 1, . . . , n of the set of all isotopy 
classes of the components of dN(ai U dX) which are essential in X, where 
N(cti U dX) is a regular neighborhood of ai U dX in X. 

We say that a misses X (resp. a cuts X) if a D X = (resp. a n X ^ 0). 

Lemma 2.1. Lei X &e as above. Let [ao, a,\, a n ] be a path in C(S) such that 
every cuts X. Then diauix{^x(cto),TTx(ct n )) < 2n. 

Proof. Since dsion^a^i) = 1 and every cuts X, we have 

Aia,uY AC{x) {TT A {a i ),'K A {a %+ i)) < 1 

for every i = 0, 1, . . . ,n — 1. This together with [9j Lemma 2.2] implies 

diamx(7ro(7r J 4(a i )),7ro(7r j4 (a i+ i)))(= diamx (TTx(ai),Tr x (a i+ i))) < 2. 

n-l 

Since diamx (kx (<^o ), -nx{a n )) < diamx (^x (ctj), ((Xj+i)), this implies 

diamx (vrx(Qo),7rx(an)) < 2 «. 

□ 

Remark 2.2. If X is an essential subsurface of S with at least two components, 
then for any pair of curves a, a' on S we have diamx (7Tx (a) , irx(a')) < 2. To be 
precise, let X\ be one of the components of X, and Xi the union of the others. 
Let a and a' be elements of 7rx(o;) and nx(a'), respectively. If both a and a' are 
contained in Xi for some i = 1,2, say X\, then we can find a curve on X2 that is 
disjoint from aUa', which implies dx{a, a') < 2. If a C X\ and a' C Xi (or a C X2 
and a' C Xi), we have dx(a,a') < 1. Thus dx(a,a') < 2 for any pair of elements 
a G 7Tx(o;) and a' G TTx(a'), and hence we have diamx(7rx(o0, 7r x(a')) < 2. 
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3. Disk complexes 

Let T>(V) (c C(d+V)) be the disk complex of a compression body V. We have 
a decomposition V(V) = T> nonscp (V) U V scp (V), where V nonscp (V) (resp. V scp (V)) 
denotes the subset of T>(V) consisting of the vertices with representatives bounding 
non-separating (resp. separating) essential disks of V. In this section, we prove the 
following proposition. 

Proposition 3.1. Let V be a compression body obtained by adding a 1-handle to 
F x [0,1], where F is a genus-(g — 1) closed orientable surface (g > 1). Then we 
have the following. 

(1) V 

nonscp 

(V) consists of a point, say c . 

(2) For each element c a of T> scp {V), there is a 1-simplex in C(d + V) joining cq 
and c a . 

Remark 3.2. In fact, we can see that T> sop (V) is a countable, infinite set and that 
there is no 1-simplex between c a and c Q <, for each pair c a , c a > G T> sep (V). 

In the remaining of this section, V denotes a compression body obtained by 
adding a 1-handle to F x [0, 1], where F is a genus-(g — 1) closed orientable surface 
(g > 1). Then D denotes the essential disk of V corresponding to the co-cre of the 
1-handle. Proposition 13. II follows from Lemmas 13.31 and 13.41 below. 

Lemma 3.3. Any non-separating disk properly embedded in V is ambient isotopic 
to D. 

Proof. Let D' be a non-separating disk in V. Assume that D and D' intersect 
transversely, and \D n D'\ is minimized up to ambient isotopy class of D'. 

Suppose \D n D'\ = 0, i.e., D D D' = 0. Then D' is properly embedded disk in 
the manifold obtained from V by cutting along D, that is, F x [0, 1]. Since any disk 
properly embedded in F x [0, 1] is boundary parallel and D' is non-separating in 
V, we see that DUD' bounds a product region, and hence D 1 is ambient isotopic 
to D. 

Suppose \D n D'\ > 0. By standard innermost disk arguments, we can see that 
D H D' has no loop components. Note that there are at least two components of 
D'\(DnD') which are outermost in D'. Take a pair of such outermost components, 
say Ai and A2, which are the next to each other, i.e., there is a subarc f3 C dD' 
such that /? I~l Ai is an endpoint of (3 and f3 D A2 is the other endpoint of /3, and 
j3 dost not intersect any other outermost disk of D' \ (D (~) D'). Note that we 
can retrieve F x [0,1] by cutting V along D. Let D + ,D~ be the copies of D in 
F x {1}, and let Ai (resp. A 2 ) be the closure of the image of Ai (resp. A 2 ) in 
F x [0,1]. Note that Ai and A 2 are disks properly embedded in F x [0,1], and 
Ai n (D + UD~) consists of an arc properly embedded in D + LID~ . Let r, (i = 1, 2) 
be the disk in F x {1} such that dTi = 9Aj. Without loss of generality, we may 
suppose Ai n (D + U D~) = Ai n D + . Note that if D~ is not contained in I\, we 
can isotope D' in V via the product region between Ai and Ti to reduce |DnD'|, a 
contradiction. Hence, D~ is contained in Pi. Let j3 be the arc in dD' as above. Then 
j3 fl D consists of finite number of points, say po,pi, ■ ■ ■ ,Pn, where 8(3 = {po,p n }, 
Po € dA±, p n G <9A2, and po,Pi, ■ ■ ■ ,Pn are arrayed on (3 in this order. Then a small 
neighborhood of po in (3 is contained in a small neighborhood of D~ in F x [0, 1]. 
If the other endpoint of the subarc pop! of j3 is contained in dD~ , then we see 
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that the subarc popT is an inessential arc in Cl(F x {1} \ (D+ U D~)). This shows 
that we can reduce \D n D'\ by an isotopy on D' , a contradiction. By applying the 
same argument successively, we see that each subarc pi-ipi (i = 1, 2, . . . , n) joins 
D + and I? - , and particularly, a small neighborhood of p n in /3 is contained in a 
small neighborhood of D+. This shows that A 2 n (£>+ U £>~) = A 2 n D~. Then 
we see that D + is not contained in T2, hence we have a contradiction by using the 
argument as above. □ 

Let D' be a separating essential disk properly embedded in V . By an argument 
similar to that in the proof of Lemma 13.31 we can see that D' is ambient isotopic 
to a disk disjoint from D. Hence, we have the following lemma. 

Lemma 3.4. Any separating essential disk properly embedded in V can be isotoped 
to be disjoint from the non- separating disk D. 

4. A PAIR OF CURVES WITH DISTANCE EXACTLY n 

In this section, we construct pairs of curves with distance exactly n. Let S be a 
closed orientable surface with genus greater than 1. We first prove the following two 
propositions. Then we describe the constructions of sequences of curves of length 
n and show that they give geodesies in C(S). 

Proposition 4.1. For an even positive integer n(> 4), let [oto, ot\, . . . , a n ] be a 
path in C(S) satisfying the following. 

(HI) [ao, . . . , a n -2\ and [a n -2, ctn-i, ctn] are geodesies in C{S), 
(H2) diamx„_ 2 (7rx„_ 2 (an-4),7rx„_ 2 (an)) > An, where X n - 2 = Gl(S\N(a n - 2 ))- 
Then [ao, ot\, . . . , a n ] is a geodesic in C(S). 

Remark 4.2. In Proposition 14.11 we note that X n -2 is connected. This can be 
shown by using Remark 12.21 together with the condition (H2). 

Proof of Proposition \4-l\ Let [f3o, ■ ■ ■ , /3 m ] be a geodesic in C(S) such that /3q = 
do, Pm = Oi n . Then m < n. 

Claim 4.3. = a n -2 for some j € {0, 1, . .. ,m}. 

Proof. Assume on the contrary that f3j ^ a n _2 for any j. Then every f3j cuts 
X n ^2- By Lemma 12.11 we have diamx„_ 2 ( 7r x„_ 2 (A>)j 7T x n „ 2 {Pm)) < 2m. Since 
[«0j cm, ... , a n - 2 ] is a geodesic, no on (0 < % < n — 3) is isotopic to a„_2- Hence each 
oti (0 < i < n— 3) cuts X n -2- By Lemma l2.11 diamx„_ 2 (70c„_ 2 (o:o))'' I 'x n _2( Q; n-4)) ^ 
2(n - 4) < 2n. Hence, 

diamx„_ 2 (^x n - 2 K-4), ttx„_ 2 (a n )) < diam Xre _ 2 {n Xn _ 2 (a n -i), ^x n - 2 ( a o)) 

+ diam Xn _ 2 (7o^_ 2 (a ),7o^_ 2 (a„)) 
<2n + diam x „_ 2 (ttx„_ 2 (A)), ttx„_ 2 (Pm)) 
<2n + 2m 
< An. 

This contradicts the hypothesis (H2). □ 

By Claim l4~3l and the hypothesis (HI), we have the equalities 

j = d s (Pa 1 P J ) = ds(a ,a n - 2 ) =n-2, 
m- j = d s (Pj,P m ) = d s {a n -2,a n ) = 2. 



6 



AYAKO IDO, YEONHEE JANG AND TSUYOSHI KOBAYASHI 



By combining the above equalities, we have m = n. Recall that [/3o, /3i, ■ ■ ■ , /3 m ] is 
a geodesic in C(S) with /3q — ao and /3 m — a„. Hence, [ao, a%, . . . , a„] is a geodesic 



Proposition 4.4. For a positive integer n, let [ao,ai, . . . , a„] be a path in C{S) 
satisfying the following. 

(HI') [ao, . . . , a n -i] and [a n _2, a n _i, a n ] are geodesies in C(S), 
(H2'j diam s <(7rs<(ao),7r s ,(a„)) > 2n, where S' = Cl(S \ N(a n - 2 U 
T/ien [ao, c*i, . . . , a„] zs a geodesic in C(S). 

Remark 4.5. In Proposition ^. 4[ we note that S' is connected. This can be shown 
by using Remark 12.21 together with the condition (H2'). 



Proof of Proposition ^. 4\ Let [/3q, Pi, ■ . • , /3 m ] be a geodesic in C(5) such that /3o = 

Q!o, /3 m = ct n . Then m < n. 

Claim 4.6. There exists j £ {0, 1, . . . , m} such that j3j = a n _ 2 or /3j = u n -\. 

Proof. Suppose that j3j / a„_2 and /3 3 ^ a n -i for any j. Then each j3j cuts <S". 
Hence, by Lemma |2. 11 we have 

diam S /(7rs/(a ),7rs'(am)) = diam S / (w s > (/3 ), 7r S / (/3 m )) < 2m. 
On the other hand, by (H2'), diams< (irs> (A)), tts' (/3m)) > 2n, a contradiction. □ 
Suppose /3j = a„_2- Then we have the equalities 

3 = ds(f3o,Pj) = ds{a ,a n - 2 ) = n - 2, 
m- j = d s (/3j,/3 m ) = ds(a n - 2 ,a n ) = 2. 

By combining the above equalities, we have n = m. Hence, [ao,ai,...,a„] is a 
geodesic in C(S). 

We can use a similar argument for the case when (3j — a n _i. This completes 
the proof of Proposition 14.41 □ 

For a given positive integer n, we construct a geodesic [ao,ai, . . . ,a„] in C(S), 
i.e., ds(ao,a„) = by using Propositions 14.11 and 14.41 

4.1. A construction of a concrete example: the case when n is even. We 

first assume that n is even. Let ao, «2 be essential non-separating simple closed 
curves on S which intersect transversely in one point, and let a,\ be an essential sim- 
ple closed curve on S which is disjoint from a Utt2- Let X 2 = C\(S\N(a 2 )). Note 
that [ao, ai, a2] is a geodesic of length two in C(S). Choose a homeomorphism f 2 : 
S — » S such that f 2 {N(a 2 j) — N(a 2 ) and that diamjf 2 (nx 2 (ao), n x 2 (f 2 (c*o))) > 
An. This is possible by Proposition 4.6]. Let — f 2 {ai) and a± — f 2 (ao). 
Note that [a 2 ,a^, a±\ is a geodesic of length two in C(S). 

We repeat this process to construct a path [ao, a±, . . . , a n \. Namely, for each even 
ie{2,4,...,n-2}, 

Xi = Cl(S\N( ai )), 

(i-2) fi'.S—tS'ma, homeomorphism such that fi(N(a.i)) — N(cti) and that 
diamx i (7rx j (o: i _2),7rx < (/i(ai_2))) > 4n, 

(i-3) a i+ i = ji(a;_i) and a; +2 = fi{on- 2 ). 

Note that [a^, ai+2] is a geodesic of length two in C(S). 



mC(S). 



□ 
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Figure 1. 

Assertion 4.7. For each k £ {2,4, ... ,n}, a path [ao, a±, . . . , in C(S) is a 
geodesic. 

Proof. We prove the proposition by mathematical induction on k. It is clear that 
[a ,ai,a 2 ] is a geodesic in C(S). Hence, Assertion 14.71 holds for k = 2. Assume 
that [ao, ax,..., a/.] is a geodesic in C{S) for some k £ {2, 4, . . . , n — 2}. We note 
that [afc, aj, +1 , afe +2 ] is a geodesic in C{S). Furthermore, by the condition (i-2), we 
have diamx fc (7Tx (c (afc_2),7TA'fc(afc+2)) > 4n > 4k. Hence, by Proposition 14.11 the 
path [ao, ai, . . . , au+2\ is a geodesic in C(5), which shows that Assertion 14 . 71 holds 
for A; + 2. This completes the proof of Assertion 14.71 □ 

4.2. A construction of a concrete example: the case when n is odd. Sup- 
pose that n is odd. Let [ao,ai, . . . , a„_i] be a path in C(S) as in the previous 
subsection. Here, in addition, we assume that each a^ is a non-separating curve. 
(This is done if a± is a non-separating curve.) Note that a n s intersects a n _i 
transversely in one point and is disjoint from a n ~i- Note also that a n _2 is non- 
separating. It is easy to see that these imply that a n _i U a„_2 is non-separating. 
Choose a non-separating essential simple closed curve 7 on S such that 7[~la„_i = 
and 7 intersects a n _2 transversely in one point. Let 5" = Cl(5 \ N(a n -2 U a n _x))- 
By [8j Proposition 4.6], there exists a homeomorphism / : S — >• S such that 
f(S') = S' and diams/(7rs/(/(7)),7rs/(ao)) > 2n. Let a n = Note that 

a n fl a n _i = and a„ intersects a„_ 2 transversely in one point. This fact implies 
that [a„_2, a n _i, a„] is a geodesic in C(S). On the other hand, [ao, . . . , a n -i] is also 
a geodesic in C(S). Hence, by Proposition 14.41 together with the above inequality 
diams' (irs> {f {"/)), ns'i&o)) > 2ti, we see that the path [ao, ax,..., a n ] is a geodesic 
in C(5). 




Figure 2. 

We remark that the construction of geodesies introduced in this section works 
for compact surfaces with genus greater than 1. 
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5. Proofs of Theorem 11.11 and Corollary 11.21 

Proof of Theorem Let C\ and C2 be copies of the compression body obtained 
by adding a 1-handle to F x [0, 1], where F is a genus-(g — 1) closed orientable 
surface (g > 1). Let ao be the boundary of the non-separating essential disk D\ 
properly embedded in C\ and 0,2 a simple closed curve on d+Ci which intersects 
ao transversely in one point. Then we construct a geodesic [a®, a\,..., a n +2\ on 
<9+Ci as in Section 21 Note that a„+2 intersects a n transversely in one point by 
the construction. Take any homeomorphism h : d+C2 —> d+C\ such that h(dD2) = 
CKn+2, where D2 is the non-separating essential disk properly embedded in C2. We 
identify the boundary components d+C\ and 9+C2 by h, and let P = d+C\ = 
h(d+C2)- Then C\ Up C2 is a genus-<? Heegaard splitting of a compact orientable 
3-manifold. 

Let D[ be a separating essential disk in C\ disjoint from c%2 obtained as follows. 
First we take two disks and parallel to D\. Take the subarc of 012 lying 
outside of the product region betwteen and D^. Then D[ is obtained from 
Di U Di by adding a band along the subarc of 012. Similarly, we can obtain a 
separating essential disk D' 2 in C2 disjoint from a„, by using D2 and a n . On the 
other hand, we have dp(a2,oi n ) = n — 2 since [ao,ai, . . . ,a n+ 2] is a geodesic in 
C(S). Hence, 

d P (dD[,dD 2 ) < d P (dD[,a 2 ) + d P {a 2l a n ) + d P (a n ,dD' 2 ) 
= 1 + (n - 2) + 1 
= n. 

Let D'( C C\ and D' 2 ' C C2 be any essential disks. By Proposition 13. 1[ we have 
d P (dD'l : dD l ) < 1 for i= 1,2. This implies 

d P (dD 1 ,dD 2 ) < d P {dDx,dD'l) + dpidD'l, <9D 2 ') + d P (dD%, dD 2 ) 
<l + d P (dD'l,dD'i) + l, 

and hence 

d P {dD'{, dD'. 2 ') > d P {dD ll dD 2 ) - 2 
= d P (a , a n+2 ) - 2 
= (n + 2) -2 
= n. 

Hence dp(dD'{,dD'2) > n for any pair of essential disks D'{ C C\ and D 2 ' C 
C2, which implies dp( r D(Ci),T)(C2)) > n. Since dp(dD' 1 ,dD' 2 ) < n, we have 
dp{V{C x ),V{C 2 ))=n. ' □ 

Proof of Corollary \1.SX Let C\ Up C2 be a genus-g Heegaard splitting with distance 
exactly n as above. Let K g := K + 2, where K is the constant as in [lOl Theorem 
1.1]. Assume that n > K g . By applying [7l Theorem 5.3], we obtain a genus-g 
Heegaard splitting C\ Up C| with distance exactly n, where Cf is a handlebody. 
Then by applying pj Theorem 1.3] to Ci Up C 2 *, we obtain a genus-(? Heegaard 
splitting Cj* Up Cj with distance exactly n, where C* and are handlebodies. □ 
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Appendix A. 

We apply the idea for the proof of Theorem 11.11 to genus-1 1-bridge knots. A 
knot K in an orientable closed 3-manifold M is called a genus-1 1-bridge knot, or 
a (l,l)-knot in brief, if (M, K) = (Vx,h) U P {V 2 ,t 2 ), where V\ U P V 2 is a genus-1 
Heegaard splitting and U is a trivial arc in Vi (i — 1,2). Then (Vi,ti) Up (V 2 ,t 2 ) 
is called a (1,1) -splitting of (M, K). Let P* := P\ dt z . Then V(V t ) denotes the 
subset of C(P*) consisting of the vertices with representatives bounding disks in 
Vi \ U. Then the distance of (Vi,h) U P (V 2 ,t 2 ) is defined by d P , {V{V X ), T>{V 2 )). 
(For details, see [IT].) 

Theorem A.l. For any even integer n > 0, there exists a (1,1) -splitting with 
distance exactly n. 

Proof. Basically the proof of Theorem IA.1I is the same as that of Theorem 11.11 for 
the case when n is even, so here we give just an outline of the arguments. The key 
fact is the following assertion proved by Saito [TTJ Proposition 3.8] which shows 
that D(Vi) has the same structure as T>(Ci) in the proof of Theorem ll.il {i = 1,2). 

Assertion A. 2. Let Di be an essential disk in Vi \ ti as in Figure Then any 
non-separating essential disk inVi\U is isotopic to Di and any separating essential 
disk in Vi \ U can be isotoped to be disjoint from Di . 

Then starting with simple closed curves «o = dDi,ot\ and a 2 as in Figure |4j 
we apply the construction of a geodesic in Subsection 14.11 Then the arguments in 
the proof of Theorem 1 1 . 1 1 enable us to show the existence of a (l,l)-splitting with 
distance n for each even n. □ 
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Figure 3. 




Figure 4. 



Here we note that ai is separating in dV\ \ t\. Hence, we cannot apply the 
extension of the geodesic described in Subsection 14.21 
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